Complex pupil filters are introduced to improve the three-dimensional resolving power of an optical imaging system. Through the design of the essential parameters of such filters, the transmittance and radius of the first zone, three-dimensional superresolution is realized. The Strehl ratio and the transverse and axial gains of such filters are analyzed in detail. A series of simulation examples of such filters are also presented that prove that three-dimensional superresolution can be realized. The advantage of such filters is that it is easy to realize three-dimensional superresolution, and the disadvantage is that the sidelobes of the axial intensity distribution are too high. But this can be overcome by the application of a confocal system.
INTRODUCTION
Superresolution was discussed in 1952 by Toraldo di Francia. 1 Subsequently, a great number of methods for designing superresolving pupil filters have been proposed. At first, these filters were based on amplitude pupils. [2] [3] [4] [5] In recent years, in order to overcome the drawback of amplitude filters, attention has been centered on pure-phase filters. [6] [7] [8] [9] Many of them achieve only transverse or axial superresolution. What is highly surprising is the slight attention paid to the aim of achieving three-dimensional superresolution. [10] [11] [12] [13] Three-dimensional superresolution can obtain a narrowness of the central lobe of the irradiance point-spread function of the system in both the axial and the transverse directions, which would play an important role in three-dimensional imaging.
Martinez-Corral et al. reported three-dimensional superresolution with annular binary filters, 11, 14 and Whiting et al. realized three-dimensional superresolution with a polarization-assisted method. 15 In this paper we present a whole family of three-zone complex pupil filters to improve three-dimensional resolution. It is shown that, through the design of the transmittance and the radius of the first zone, three-dimensional superresolution can be realized. At the same time the superresolution parameters, the Strehl ratio, the transverse and axial gains, and the effects of the sidelobes are discussed in detail. The remainder of this paper comprises four sections divided as follows. Section 2 describes the transverse and axial intensity distributions in the focal region. The relation between three-dimensional superresolution and the parameters of such complex pupil filters is analyzed in detail in Section 3. Our main result is summarized in Section 4. Sheppard and Hegedus 5 analyzed the diffracted intensity distribution near the geometrical focus by use of rotationally symmetric amplitude pupil functions within the framework of scalar diffraction theory. The general complex pupil function can be written as P() ϭ T()exp͓i()͔, where is the normalized radial coordinate over the circular pupil, T() is the transmittance function, and () is the phase function. In this case the normalized complex field amplitude U in the focal region can be written as 5, 16 U͑v
TRANSVERSE AND AXIAL INTENSITY DISTRIBUTIONS IN THE FOCAL REGION
The function P() defines the complex transmission of the pupil, or pupil function. Here v and u are radial and axial optical coordinates (assume the value of refraction to be n ϭ 1.0), respectively,
where k ϭ 2/, sin ␣ is the numerical aperture of the system, and r and z denote the radial and axial distances.
In the focal plane we have
so that in the focal plane the amplitude is the Hankel transform of the pupil function. Along the axis we have
When we introduce the variable t ϭ 2 , the pupil function P() can be written as Q(t), which can be defined as the equivalent pupil function. Equation (5) can be written as
Thus the axial amplitude is the Fourier transform of the equivalent pupil function Q(t). It is well known that in the diffraction limit the value of the pupil function is assumed as P() ϭ 1. So superresolution can be realized by modifying the pupil function P().
According to the theories of Sheppard and Hegedus 5 and de Juan et al., 17 within the second-order approximation the transverse and axial intensity distributions can be expressed as
where * denotes the complex conjugate and I n is the nth moment of the pupil function given by
From Eqs. (7) and (8) , the displacement of focus in the axial direction and the Strehl ratio, which is defined as the intensity of the superresolved pattern and the intensity of the Airy pattern, are, respectively, given by
( 1 1 ) The transverse and axial gains, which are defined as the ratio between the squared width of the parabolic approximation of the intensity point-spread function without the pupil filter and with the pupil filter, are given, respectively, by
G T and G A are greater than unity for transverse or axial superresolution, respectively.
THREE-DIMENSIONAL SUPERRESOLUTION WITH THREE-ZONE COMPLEX PUPIL FILTERS
The structure of the complex pupil filter is shown in Fig.  1 ; the transmittances of the three zones are t, 1, and 1; the corresponding phases are 0.6, 0, and 0.6; and the radii are a, b, and 1. The pupil function of the complex pupil filter can be expressed as
From Eqs. (9)- (14), we can obtain
where ϭ 0.6. When we substitute Eqs. (15)- (17) into Eqs. (11)- (13), the Strehl ratio and the transverse and the axial gains are
Equations (18)- (21) (21), it is evident that the effects of the transmittance t on G T and G A are greater than those of the radius. So under the condition a 2 ϩ b 2 ϭ 1, the transverse superresolution can easily be realized by changing the value of t, and thus threedimensional superresolution may be realized.
According to the analysis above, with the condition a 2 ϩ b 2 ϭ 1, there are two instances for complex filters. One instance is that the radius a is a constant but the transmittance is a variable. The other instance is that the transmittance is a constant but the radius is a variable. In the following, we discuss the superresolution property for each instance. suming a ϭ 0.60, we can obtain the relation among the transmittance t of the first zone and the transverse and the axial gains of such system, which are shown in Fig. 2 . The solid curve corresponds to the transverse gain, and the dashed curve corresponds to the axial gain. It can be clearly seen that with one's increasing the transmittance the transverse gain decreases, but the axial gain increases. It also can be found that transverse superresolution can be realized with any value of t ͓0.2, 1), but axial superresolution can be realized only with the value of t (0.5, 1͔. So, for three-dimensional superresolution to be realized, the transmittance of the first zone must be in the range from 0.5 to 1. Figure 3 shows the relation between the Strehl ratio and the transmittance of the first zone; it can be seen that in the range from 0.5 to 1 the Strehl ratio increases with the increase of the transmittance. On this condition, substituting Eq. (14) into Eqs. (4) and (5), we can obtain the expression of the transverse and axial amplitudes:
According to I͑, 0͒ ϭ U͑, 0͒U*͑, 0͒,
we can obtain the intensity distributions along the transverse and the axial directions, which are, respectively, shown in Figs It can be concluded that when the radius of the first zone is a constant, if the transmittance t (0.5, 1͔, three-dimensional superresolution can be realized. In this range with increasing transmittance, the Strehl ratio and the axial gain increase but the transverse gain and the effects of the axial and transverse sidelobes decrease. It also can be found that the value of the effect of the sidelobes in the transverse direction is small but that of the axial sidelobes is very large. For example, when our method is compared with that in Ref. 6 for the same transverse gain G T ϭ 1.309, the transverse effect of the sidelobes M T ϭ 0.036 in our result is much smaller than M T ϭ 0.39 in Ref. 6 . Also, for the same axial gain G A ϭ 1.20, the axial effect of the sidelobes M A ϭ 0.638 is much larger than M A ϭ 0.16 in Ref. 6 . Compared with other filters or methods, 6, 8, 11 the increase in strength of the axial sidelobes may be a disadvantage for some systems, but it can be suppressed by applying another system. Sheppard, 4 Martinez-Corral et al., 10 and M. Gu et al. 3, 18 pointed out that in confocal microscopy the overall point-spread function is given by the product of the point-spread functions for the illuminating and collecting lenses, so that if the complex filter is used in the confocal system the strength of the sidelobes will be further reduced.
B. Transmittance t Is a Constant but the Radius a Is a Variable
Under this condition, to realize three-dimensional superresolution, we followed the same method as explained above. Assuming t ϭ 0.80, we can obtain the relation among the radius a and the transverse and the axial gains of such a system, which is shown in Fig. 6 . The solid and the dashed curves correspond, respectively, to the transverse and axial gains. It can be clearly seen that with increase in radius, the transverse gains decrease but the axial gains increase first and then decrease. It also can be found that transverse superresolution can be realized with any value of a ͓0.5, 1͔, but axial superresolution can be realized only with the value of a (0.53, ͱ1/2). So, to obtain three-dimensional superresolution, the radius of the first zone must be in (0.53, ͱ1/2). The relation between the Strehl ratio and the radius is shown in Fig. 7 ; it can be seen that the Strehl ratio increases with increment of the radius of the first zone. Figures 8(a) and 8(b) , respectively, show the transverse and axial intensity distributions for three particular solutions corresponding to different complex pupil filters compared with the clear pupil case (solid curve). The intensity has been normalized to the clear pupil case. The relations between the influences of the sidelobes and the radius are shown in Fig. 9 . In particular, the dashed curve corresponds to the complex filter with a ϭ 0.55 and t ϭ 0.80; in this case we can obtain the superresolution parameters G T ϭ 
CONCLUSIONS
We have designed a new set of three-zone complex pupil filters that have the ability to realize three-dimensional superresolution in an imaging system. The corresponding three-dimensional superresolution parameters, the Strehl ratio, the transverse and axial gains, and the effects of the sidelobes all depend on the value of the design parameters t and a. It was shown that for a given value of a, with increase of t, the Strehl ratio and the axial gain increase, but the transverse gain and the effects of the axial or transverse sidelobes decrease. And for a given value of t, with increase of a, the transverse gains and the effects of the axial or the transverse sidelobes decrease but the Strehl ratio increases. The axial gains first increase and then decrease. It was also shown that for both of these conditions, the effect of the transverse sidelobes is very small, but that of the axial sidelobes is too large, which may be a drawback for many applications, since they produce artifacts in the image-formation process. In our future research we shall emphasize decrease in the effects of the axial sidelobes.
